We extend the Landauer-Büttiker formalism in order to accommodate both unitary and selfadjoint operators which are not bounded from below. We also prove that the pure point and singular continuous subspaces of the decoupled Hamiltonian do not contribute to the steady current. One of the physical applications is a stationary charge current formula for a system with four pseudo-relativistic semi-infinite leads and with an inner sample which is described by a Schrödinger operator defined on a bounded interval with dissipative boundary conditions. Another application is a current formula for electrons described by a one dimensional Dirac operator; here the system consists of two semi-infinite leads coupled through a point interaction at zero.
Introduction
Considering a problem in quantum statistical mechanics and solid state physics Lifshits [21] found that there is a unique real-valued function ξ(·) ∈ L 1 (R, dλ) such that the formula
is valid for a suitable class of functions Φ(·) guaranteeing that Φ(H 0 + V ) − Φ(H 0 ) is a trace class operator. Here H 0 is a self-adjoint operator and V is a finite dimensional self-adjoint operator. Formula (1.1) and function ξ(·) are known in the literature as trace formula and spectral shift function, respectively. Inspired by the work of Lifshits the trace formula was carefully investigated and generalized by Krein, cf. [17] . In a first step Krein has shown that Lifshits' result remains true if V is a selfadjoint trace class operator. Later on he generalized the result to pairs of self-adjoint operators S = {H, H 0 } such that their resolvent difference is a trace class operator, cf. [18] . In the following we call those pairs trace class scattering systems. For trace class scattering systems there exists a real-valued function ξ(·) ∈ L 1 (R, is valid for a suitable class of functions Φ(·). In particular, the formula
holds. In contrast to the spectral shift function from above ξ(·) is now not unique and is only determined up to a real constant. To verify (1.2) Krein firstly proved a trace formula (1.1) for a pair U = {U, U 0 } of unitary operators for which U −U 0 is a trace class operator, cf. [18] . Regarding U and U 0 as the Cayley transforms of H and H 0 , respectively, Krein was able to establish (1.2) . If S = {H, H 0 } is a trace class scattering system, then the wave operators W ± (H, H 0 ) = s-lim t→±∞ e itH e −itH0 P ac (H 0 ) (1.3) exist and are complete where P ac (H 0 ) is the projection onto the absolutely continuous subspace of H 0 , see [3] . Let Π(H ac 0 ) be a spectral representation of the absolutely continuous part H ac 0 of H 0 , cf. Appendix C. Further, let {S(λ)} λ∈R be the scattering matrix of the trace class scattering system S with respect to Π(H ac 0 ). It turns out that there is a suitable chosen spectral shift function ξ(·) such that the so-called Birman-Krein formula det(S(λ)) = e −2πiξ(λ) .
holds for a.e. λ ∈ R. The quantity T (λ) := 1 2πi (I h(λ) − S(λ)), λ ∈ R, is usually called the transition matrix, see (D.12), where I h(λ) denotes the fiber identity operator of the spectral representation Π(H ac 0 ). In [23] Radulescu has shown that the transition matrix {T (λ)} λ∈R , the unperturbed operator H 0 and the perturbation V are related in a certain way. Indeed, if H 0 is bounded and V is trace class, then the formula tr(H n 0 W + (H, H 0 )V ) = R λ n tr(T (λ))dλ, n = 0, 1, 2, . . . , is valid. It turns out that the so-called Landauer-Büttiker formula is a further interesting example in this circle of relations linking scattering matrix, unperturbed operator and perturbation. From the physical point of view the Landauer-Büttiker formula gives the steady state charge current flowing trough a non-relativistic quantum device where the carriers are not self-interacting. It goes back to Landauer and Büttiker, cf. [20] and [6] , and was initially derived by them using phenomenological arguments.
The physical setting is as follows: there is a small sample (the inner system) and at least two leads (for simplicity we only discuss the two lead case). At negative times, the leads are not coupled to the inner system. Each subsystem is in a state of thermal equilibrium. In particular, one assumes that in the leads the electrons are distributed according to the Fermi-Dirac distribution function. More precisely, if µ j are the chemical potentials of the left and right leads, j ∈ {l, r}, then the energy distribution of lead j is f j (λ) = f F D (λ − µ j ) where:
f F D (λ) = 1 1 + e βλ , λ ∈ R, β > 0.
(1.4)
At time zero the leads are suddenly attached to the inner system and a current can flow from one lead to the other through the inner system. Landauer found by heuristic arguments (later refined by Büttiker) that the stationary current J of non-relativistic particles flowing through the system should be given by
where σ(λ) is the so-called transmission coefficient between the leads, a cross-section arising from an appropriate scattering system, and e > 0 is the magnitude of the elementary charge. The current is directed from left to right if J > 0 and from right to left if J < 0. If µ l > µ r , then a straightforward computation shows that J > 0 which shows that the charge current is directed from the higher chemical potential to the lower one. Several works have already been published in which this approach has been made rigorous, cf. [1, [8] [9] [10] [11] [12] 22] . One assumes that at negative times the system is described by (a decoupled) Hamiltonian H 0 , while for positive times by (a coupled Hamiltonian) H. Until now it was always assumed that both Hamiltonians are bounded from below and that the difference between their resolvents raised to some integer power is trace class.
Since our paper only deals with operator theoretical aspects of quantum transport of quasi-free particles, some of the terminology used in quantum statistical mechanics will be strictly adapted to our limited needs. For us, a density operator is just any non-negative bounded operator. A density operator ρ is an equilibrium state of H 0 if it is a positive function of H 0 . A density operator ρ is called a steady state of H 0 if ρ commutes with H 0 . Note that with our definition, equilibrium states are steady states. If H 0 is a decoupled direct sum of several operators h j , then a direct sum of individual equilibrium states F j (h j ) would provide us with a special class of steady states of H 0 .
A charge is any bounded self-adjoint operator Q commuting with H 0 . Following [1] , the steady current J We note that the absolutely subspace H ac (H 0 ) reduces the initial steady state and the charge operator. Let ρ ac := ρ ↾ H ac (H 0 ) and Q ac := Q ↾ H ac (H 0 ) (1.9)
The restrictions ρ ac and Q ac commute with the absolutely continuous component H ac 0 of H 0 . Let Π(H ac 0 ) be a spectral representation of the absolutely continuous part H ac 0 of H 0 , cf. Appendix C. Since the components ρ ac and Q ac commute with H ac 0 , they are unitarily equivalent to multiplication operators induced by some density and charge fiber matrices {ρ ac (λ)} λ∈R and {Q ac (λ)} λ∈R in Π(H ac 0 ), respectively. In [1] it was proved that the current J S ρ,Q admits the representation
The formula (1.10) can be called the abstract Landauer-Büttiker formula. The formula (1.10) is not identical with the traditional Landauer and Büttiker formula (1.5). However, it was shown in [1] that formula (1.5) follows from (1.10).
The aim of the present paper is to extend the representation (1.10) to situations where the operators H and H 0 might not be bounded from below. Using the intertwining property of the wave operator and the trace cyclicity, one can rewrite the current J S ρ,Q in the following form:
It turns out that (1.11) can be expressed in a different form using the Cayley transforms
of H and H 0 , respectively. Under the condition that
is a trace class operator we have
where in the last equality we used the invariance principle of wave operators. Moreover, using the identity 12) where everything only depends on the unitary scattering system U := {U, U 0 }. Following Birman and Krein [3, 18] we start with the abstract unitary scattering system U := {U, U 0 } where V = U − U 0 is trace class operator,ρ is an initial steady state and Q a charge both commuting with U 0 . Their restrictions to the absolutely continuous subspace of U 0 are denoted byρ ac and Q ac , respectively. Using a spectral representation of U 0 , we denote by {S(ζ)} ζ∈T , {ρ ac (ζ)} ζ∈T and {Q ac (ζ)} ζ∈T the scattering, density and charge fiber matrices of S = Ω + (U, U 0 ) * Ω − (U, U 0 ),ρ ac and Q ac , respectively. We also suppose that the singular continuous spectrum σ sc (U ) of U is empty (note that we allow σ sc (U 0 ) = ∅). Then it will be proven in Theorem 3.7 and in Corollary 3.8 that the current in (1.12) admits the representation 13) where ν is the Haar measure with ν(T) = 2π.
More importantly, from the second formula above we see that ifρ is an equilibrium state, i.e. some non-negative functionf (U 0 ), then it is a scalar multiplication withf (ζ) on each fiber h(λ) and thus commutes withS(ζ) almost everywhere. This shows that the current is zero at equilibrium. Moreover, we can use this to renormalize the current by subtracting zero in the following way:
(1.14)
Going back to the self-adjoint case via the Cayley transform, we have to change the torus with the real line by the transformation ζ = e 2i arctan(λ) . Hence, replacingρ(e 2i arctan(λ) ) by (1 + λ 2 )ρ(λ) and introducing Q ac (λ) :=Q ac (e 2i arctan(λ) ) and S(λ) :=S(e 2i arctan(λ) ) we obtain
This formula is very useful in the relativistic situation when ρ ac (λ) can loose its decay in λ at −∞, as it happens with the Fermi-Dirac distribution. In that case we see that
still decays exponentially at ±∞ and the current will be finite.
Let us make the following remarks:
• Our main technical result is formula (1.13), proved in Theorem 3.7. It can be seen as an abstract Landauer-Büttiker formula for unitary scattering systems.
• Formula (1.10) is proved in Theorem 3.9, which is an extension of the result in [22] , where V := H − H 0 ∈ L 1 (H) was assumed.
• Another result related to Theorem 3.9 was proven in [1] where the current was defined through a regularization procedure. There the operators H and H 0 were replaced by H(1 + ηH) −N and H 0 (1 + ηH 0 ) −N , respectively, and the limit η → +0 was taken outside the trace. Using our approach via the Cayley transforms one gets a definition of the current (see (1.12) or (1.11)) which avoids any regularization. Since the Cayley transform does not require H 0 and H to be bounded from below, it allows us to derive Landauer-Büttiker type formulas for self-adjoint dilations of maximal dissipative Schrödinger operators and Dirac operators with point interactions at zero, see Section 4.
• Our result is stronger that that one of [1] . At first glance it seems to be that the condition [1] for some N ∈ N and θ > 0 is weaker than our condition (i + H)
Nevertheless, the result of [1] follows from Theorem 3.9. Indeed, let us assume for simplicity that H ≥ I and H 0 ≥ I as well as θ = 0. A straightforward computation shows that the representation
)ρ is a bounded operator. Therefore, considering the trace class scattering system S = H N , H N 0 , we find
where the invariance principle for wave operators was taken into account. Finally, applying Theorem 3.9 to J S ρ ,Q we get a Landauer-Büttiker formula for the scattering system
with respect to a spectral representation of (H N 0 ) ac . However, from the spectral representation of (H N 0 )
ac one easily obtains a spectral representation of H ac 0 which immediately implies the result of [1] .
• • We can extend Theorem 3.9 to some situations where H and H 0 are not bounded from below and (H + i)
is not trace class. Namely, if 0 belongs to the resolvent set of both H and H 0 , and if there exists an odd integer N such that
is trace class, then the invariance principle can still be applied and formula (1.16) (see also (1.12)) still makes sense. The general case remains open.
The paper is organized as follows. In Section 2 we review some well known results related to non equilibrium steady states and currents, and extend them to the case of non-semibounded self-adjoint operators H 0 and H. The main goal is to rigorously justify formula (1.12).
Section 3 is devoted to the proof of the abstract Landauer-Büttiker formula (1.13), at first for unitary operators, cf. Section 3.1, and then for self-adjoint operators, cf. Section 3.2.
In Section 4 we give several examples. Finally, in order to make the paper self-contained we have added Appendices A and B, C on spectral representations of unitary operators, and Appendix D on the scattering matrix of unitary operators.
Notation: By H ac (U ) we denote the absolutely continuous subspace of a unitary operator U defined on H. The projection from H onto h ac (U ) is denoted by P ac (U ). The corresponding absolutely continuous restriction of U is denoted by U ac := U ↾ H ac (U ). The singular subspace of a unitary operator U is defined by H s (U ) := H ⊖ H ac (U ), the corresponding singular part by
. A similar notation is used for self-adjoint operators. Furthermore the real axis and the unit circle are denoted by R, and T respectively. The open unit disc is denoted by D := {ζ ∈ C : |ζ| < 1}.
Steady states and currents
Let H 0 be a self-adjoint operator and let ρ be a steady state for H 0 . Furthermore, let us assume that at t < 0 the system is described by the Hamiltonian H 0 and the steady state ρ. At t = 0 we switch on a coupling such that the system is now described by the Hamiltonian H. The state ρ(t) evolves according to the quantum Liouville equation
which has the weak solution ρ(t) = e −itH ρe itH , t ≥ 0.
The operator ρ(t) is a density operator, but not a steady state for H. However, one can produce a steady state by taking an ergodic limit as in [1] . It turns out that Theorem 3. 
is a trace class operator and σ sc (H) = ∅, then the limit
exists and is given by 
Let λ k ∈ σ p (H). We find
Finally, using the decomposition
which proves
Using that we immediately prove (2.2).
Formally, the current J S ρ,Q is defined by
where E ρ+ (·) is the expectation value of an observable with respect to ρ + . In general, the definition might be not correct because either the commutator [H, Q] is not well-defined or the product
is not a trace class operator. To avoid such difficulties we set
where δ is any bounded Borel set of R. Furthermore, E H (δ)[H, Q]E H (δ) is a well defined trace class operator for any bounded Borel set δ. Indeed, using the representation
is trace class. We get that E H (δ)[H, Q]E H (δ) is a trace class operator for every bounded Borel
.
where we have used that (H 2 0 + I)ρ is a bounded operator. Then the limit in (2) exists and equals:
Note that (2.5) coincides with (1.11).
3 Landauer-Büttiker formula for unitary scattering systems
Unitary operators
Let us recall that we consider two unitary operators U and U 0 such that U − U 0 is trace class, and a bounded self-adjoint operator Q commuting with U 0 is called a charge. Thus any charge Q is reduced by H ac (U 0 ) and H s (U 0 ). In other words, Q admits the decomposition Q = Q ac ⊕ Q s where
. Notice that the restrictions Q ac and Q s might not be identical with the absolutely continuous and singular components Q ac and Q s , respectively.
there is a measurable family {Q ac (ζ)} ζ∈T of bounded self-adjoint operators acting on h(ζ) such that
A non-negative bounded self-adjoint operator ρ commuting with U 0 is also called a density operator and admits the decomposition ρ = ρ ac ⊕ ρ s . The part ρ ac is unitarily equivalent to the multiplication operator M ρac induced by a measurable family {ρ ac (ζ)} ζ∈T of non-negative bounded operators acting on h(ζ) and satisfying
Further, let Q be a charge and let ρ be a density operator. In this case we define the current J for S by
where V = U − U 0 is trace class and [V, Q] = V Q − QV . The main result of this section (see Proposition 3.5) will show that only the absolutely continuous restriction of Q contributes to the current:
Before that, we need a series of lemmata.
Lemma 3.1. Let U 0 be a unitary operator on H and let Q be a charge. Then H admits an orthogonal decomposition
has a constant spectral multiplicity function and
, M, Ψ} be a spectral representation of U 0 , cf Appendix A, and let Mult(ζ) := dim(k(ζ)) be the spectral multiplicity function of U 0 . We set ∆ 1 := {ζ ∈ T : Mult(ζ) = ∞} and
Obviously, each subspace H k reduces U 0 and Q. Moreover, the unitary operators U k defined on H k are of constant spectral multiplicity.
Next we are going to show that Q can be approximated by a sequence of self-adjoint operators with pure point spectrum.
Lemma 3.2. Let U 0 be a unitary operator on H of constant spectral multiplicity and let Q be a charge. Then there is a sequence {Q m } m∈N of charges with pure point spectrum satisfying
Proof. Since U 0 is of constant spectral multiplicity U 0 admits the spectral representation Π(U 0 ) := {L 2 (T, dµ(ζ), k), M, Ψ} where k is independent from ζ ∈ T. If Q is a charge, then there is a measurable family {Q(ζ)} ζ∈T of bounded self-adjoint operators satisfying µ − sup ζ∈T Q(ζ) k = Q H such that Q is unitarily equivalent to the multiplication operator M Q in L 2 (T, µ(ζ), k). Since {Q(ζ)} ζ∈T is a measurable family of self-adjoint operators there is a sequence { Q m (ζ)} ζ∈T of simple functions such that
for a.e. ζ ∈ T with respect to µ. We recall that Q m (·) is simple if it admits the representation
where {δ ml } are disjoint Borel subsets of T satisfying l δ ml = T for each m ∈ N and l is finite. Without loss of generality we can assume that the condition
By the v. Neumann theorem [15, Theorem X.2.1] for each self-adjoint operator Q ml there is a self-adjoint Hilbert-Schmidt operator D ml such that D ml L2 ≤ 1 m and Q ml := Q ml + D ml is pure point. Setting
for a.e. ζ ∈ T with respect to µ. We note that s-lim m→∞ M Qm = M Q . Moreover, the spectrum of M Qm is pure point for each m ∈ N. Setting Q m := Ψ −1 M Qm Ψ we find that s-lim m→∞ Q m = Q. Moreover, each operator Q m commutes with U 0 . Lemma 3.3. Let U 0 be a purely singular unitary operator (i.e. the absolutely continuous component is absent) on the separable Hilbert space H. Then there is a sequence {U n } n∈N of unitary operators with pure point spectrum such that U 0 − U n ∈ L 1 (H), n ∈ N, and lim n→∞ U 0 − U n L1 = 0.
Proof. Let us assume that ker(U 0 + I) = {0}. We introduce the self-adjoint operator
Since U 0 is singular the self-adjoint operator H 0 is also singular. By Lemma 2 of [7] for each n ∈ N there is a self-adjoint trace class operator D n satisfying D n L1 < 1 n such that H n := H 0 + D n is pure point. Hence, the unitary operators
have pure point spectrum. Since
we get
If the condition ker(I + U 0 ) = 0 is not satisfied, then the unitary operator admits the decom-
. One easily verifies that ker(I + U ′ 0 ) = {0}. Hence the construction above can be applied. That means, there is a sequence {U ′ n } n∈N of unitary operators with simple pure point spectrum on
, n ∈ N, we complete the proof. Proposition 3.4. Let U 0 be a purely singular unitary operator and let Q be a charge, both acting on the separable Hilbert space H. Then there is a sequence of unitary operators { U m } m∈N and a sequence of bounded self-adjoint operators {Q m } m∈N both with pure point spectrum such that
Proof. By Lemma 3.1 we find a decomposition
where U k is of constant spectral multiplicity and Q k are bounded self-adjoint operators commuting with
By Lemma 3.2 for each k ∈ N there is a sequence {Q km } m∈N of bounded self-adjoint operators with pure point spectrum commuting with U k such that Q km H k ≤ Q k H + 1 for each m ∈ N and Q k = s-lim m→∞ Q km . The operators Q km admit the representation
where P kml are eigenprojections of Q kml in H k . Since U k commutes with Q km the eigenprojections P kml commute with U k . We set U kml := U k ↾ H kml where H kml := P kml H k . Notice that
The unitary operators U kml are singular but their spectral multiplicity might be not constant.
By Lemma 3.2 for each k, m, l ∈ N there is a unitary operator U kml on H kml such that the spectrum of U kml is pure point, U kml − U kml ∈ L 1 (H kml ) and
Obviously, U kml commutes with P kml . Setting
we get a unitary operator on H k with pure point spectrum which commutes with Q km . Moreover, we have
Finally, setting
we define a unitary and a self-adjoint operator on H. Obviously, U m and Q m commute for each m ∈ N and they are pure point. Since
Proposition 3.5. Let S = {U, U 0 } be a L 1 -scattering system. Further, let Q be a charge and ρ be a density operator. If U − U 0 is trace class, then J = J ac (see (3.2)), i.e. the pure point and singular continuous spectral subspaces of U 0 do not contribute to the steady current.
Proof. Using the decompositions U 0 = U ac 0 ⊕ U s 0 and Q = Q ac ⊕ Q s we have:
We are going to show that J s := − where ζ n ∈ T, q l ∈ R and P n , Q l are eigenprojections of U s 0 and Q s , respectively. Since U s 0 and Q s commute, then their eigenprojections P n and Q l also commute. We set Q nl := P n Q l , which define some orthogonal projections. We have the representation
where ζ nl ∈ T and q nl ∈ R. Notice that n,l∈N Q nl = P s (U 0 ). Without loss of generality we can assume that Q nl are one dimensional orthogonal projections. Because the series n,l∈N ζ nl Q nl [V, Q nl ] converges in the trace class norm to [V, Q s ], we can write:
Now we can undo each commutator and write:
Using trace cyclicity we have tr(Ω − ρU * 
where
Since U s m and Q s,m are pure point we get by the considerations above that (J m ) s = 0 for each
Furthermore, using Ω ± = Ω ± (U, U m ) and
Since lim m→∞ U 0 − U m L1 = 0 and s-lim m→∞ Q m = Q we find lim m→∞ J m = J and lim m→∞ (J m ) ac = J ac which yields J = J ac .
Proof. We set
and
Since Ω * − = s-lim r↑1 Ω − (r) * P ac (U ) one easily verifies that J = lim r↑ J ac (r). Let us show that lim r↑1 J s (r) = 0. To this end we verify that
Let ϕ k , ϕ k = 1, be an eigenvector of U corresponding to the eigenvalue ξ k ∈ T. One gets
We introduce the Borel subset ∆
Taking into account (3.4) we find the estimate
Fixing such a N there is r 0 < 1 such that for r ∈ (r 0 , 1) one has 2πN
Hence lim r↑1 Ω − (r) * ϕ k 2 = 0. From the above considerations we get lim r↑1 Ω * − (r)f = 0 provided f = k c k f k , c k ∈ C, is a finite sum of eigenvectors of U . However, the set of finite sums of eigenvectors of U is dense in H s (U ) which yields s-lim r↑1 Ω * − (r)P s (U ) = 0. Using s-lim r↑1 Ω − (r) = Ω − and the compactness of V we immediately get that lim r↑1 J s (r) = 0.
Using the results above we are now going to prove a Landauer-Büttiker formula for unitary operators Theorem 3.7. Let S = {U, U 0 } be a L 1 -scattering system. Further let Q 0 be a charge and let ρ be a density operator. If σ sc (U ) = ∅, then
where S(ζ) is the scattering matrix of the scattering system S.
Proof. Let us introduce the approximate current by
where ρ 6) and ∆ * (ε) ⊆ T satisfying ν(∆ * (ε)) < ε and (D.25). Notice that ρ ε ac is also a density operator. By Lemma 3.6 we immediately get that lim r↑1 J(r, ε) = J(ε) where
Furthermore, we note that
where J is given by (3.1). We set
Using V = −U 0 V * U we obtain which yields
At first, we are going to calculate
where we have used U * V = −V * U 0 which leads to
we get 
. By the resolvent formula one has the identity
Multiplying on the right by V * we get
Using that we obtain Ξ(r) = r
which yields
Applying the map Φ one gets
and (D.20) we find
where X * (r; ζ) is defined by (D.24). Notice that
Summing up we obtain
We are going to calculate J 2 (r, ε). From (D.9) we get
Using the notation (3.10) we obtain
Obviously we have
. Using (3.11) we find
Finally, by definition (3.12) we find
From (3.9) and (3.14) it follows
Taking into account (3.15) and (3.16) we obtain
From (3.8), (3.13) and (3.17) we get
By (3.6) we get
Using the representation K(r; ζ, ζ) = X * (r; ζ) Y (ζ) and taking into account (D.25) we find that
Furthermore, using (3.12) we find that
, ξ ∈ T and 0 ≤ r < 1. By (D.25) we get the estimate
where tr(Y (ξ)) ∈ L 1 (T, dν(ξ)). Applying the Lebesgue dominated convergence theorem we obtain
and M (ζ, ζ, ζ) = L 1 − lim r↑1 M (r; ζ, ζ, ζ) for a.e. ξ ∈ T. Summing up we obtain
By Corollary D.3 we verify that
Using (D.22) we obtain Σ L1 ∈ L 1 (T, dν(ζ)). Moreover, from (D.14) we get
Inserting (3.19) into (3.18) we find
) and (3.7) we immediately prove (3.5). 
Further, let φ : T −→ [0, ∞) be Borel measurable and bounded. If ρ = φ(U 0 ), then J = 0.
Proof. Using the fact that S(ζ) − I h(ζ) ∈ L 1 (h(ζ)) for a.e ζ ∈ T with respect to ν one immediately shows that (3.20) follows from (3.5).
If ρ = φ(U 0 ), then ρ ac = φ(U ac 0 ) which yields ρ ac (ζ) = φ(ζ)I h(ζ) for a.e. ζ ∈ T with respect to ν. Inserting ρ ac (ζ) = φ(ζ)I h(ζ) into (3.20) we prove J = 0.
Self-adjoint operators
Let H 0 and H be self-adjoint operators on the separable Hilbert space H. If the condition
is satisfied, then the pair 
where {S ′ (λ)} λ∈R is the scattering matrix with respect to the spectral representation Π(H ac 0 ).
Proof. Let us introduce the Cayley transforms
The pair S = {U, U 0 } is a L 1 -scattering system if and only if S ′ is L 1 -scattering system. By the invariance principle for wave operators one verifies that W ± = Ω ± which yields S = S ′ . Obviously, Q is a charge for S and ρ is a density operator for S. A straightforward computation (compare with (1.12)) shows that 
Using the spectral representation Π(H
Taking into account Theorem 3.7 we get 
Further, let φ : R −→ [0, ∞) be Borel measurable and bounded. If (1 + λ 2 )φ(λ), λ ∈ R, is bounded and
The proof of Corollary 3.10 follows from Corollary 3.8.
The charge Q was defined as a bounded self-adjoint operator. However, this definition is usually not sufficient in applications, cf. below. In [1, Definition 3.3] the notion of tempered charge charge was introduce. An unbounded self-adjoint operator Q is called a tempered charge if Q commutes with H 0 and for any bounded Borel set Λ of R the truncated charge Q Λ := QE 0 (Λ) is bounded where E 0 (·) is the spectral measure of H 0 . For tempered charges we set 
Obviously, one gets Q
If Q is a tempered charge, then Q ac is a tempered charge for H ac 0 , that is Q ac E ac 0 (Λ) H < ∞. Therefore, for a tempered charge one has
where ess-sup means the essential spectrum with respect to the Lebesgue measure on R. In the following we denote the set of all bounded Borel sets of R by B b (R).
Corollary 3.11. Let S ′ = {H, H 0 } be a L 1 -scattering system. Further, let Q be a tempered charge and let ρ be a density operator. If
exists and the formula (3.23) is valid.
Proof. Applying Theorem 3.9 we find
From (3.27) which yields
This gives sup
In particular, we have
, λ ∈ R, we find the relation T ′ (λ) = T (e 2i arctan(λ) ) for a.e. λ ∈ R. Taking into account (D.22) we get the estimate
for a.e. λ ∈ T where we have used that
π . Using (3.28) and (3.29) we verify that the integral
exists and is finite. Hence
which completes the proof.
Examples
Let us consider examples where the it is important that the Hamiltonian is not semibounded from below.
Landauer-Büttiker formula for dissipative operators
We consider the Schrödinger-type operator K in the Hilbert space
where , b) ). Furthermore, we assume κ a , κ b ∈ C + = {z ∈ C : ℑm(z) > 0}. The operator K is maximal dissipative and completely non-self-adjoint. Its spectrum consists of non-real isolated eigenvalues in C − which accumulate at infinity.
To analyze the operator K it is useful to introduce the elementary solutions v a (x, z) and
x ∈ [a, b], z ∈ C, which always exist. The Wronskian of v a (x, z) and
We note that the Wronskian does not depend on x. Obviously, the functions v * a (x, z) and v * b (x, z),
The Wronskian of v * a (x, z) and v * b (x, z) is denoted by W * (z) and is also independent from x. Using the elementary solutions one gets the representation
, see [13] . Since H is completely non-self-adjoint the maximal dissipative operator H can be completely characterized by its characteristic function θ K (z), z ∈ ̺(H) ∩ ̺(H * ). The definition of the characteristic function relies on the so-called boundary operators T (z) :
, which are defined in [13] . Introducing representations
the boundary operators are defined by
Using the resolvent representations (4.7) and (4.8) we obtain
The adjoint operators are given by
The characteristic function Θ K (·) of the maximal dissipative operator H is a two-by-two matrixvalued function which satisfies the relation
It depends meromorphically on z ∈ ̺(H) ∩ ̺(H * ) and is contractive in C − , i.e.
Using the elementary solutions the characteristic function Θ K (·) takes the form
[13] Since the operator K is maximal dissipative there is a larger Hilbert space H and a self-adjoint operator H such that K is embed in H and the relation
is satisfied. The self-adjoint operator H is called a self-adjoint dilation of K. If the condition
Minimal self-adjoint dilations of maximal dissipative operators are determined up to a certain isomorphism, in particular, all minimal self-adjoint dilations are unitarily equivalent.
In the present case the minimal self-adjoint dilation of the maximal dissipative operator H can be constructed in an explicit manner. In accordance with [13] we introduce the larger Hilbert space
. Introducing the graph Ω,
one can write the Hilbert space H as L 2 (Ω). Further, we define
where as well as
Further we set
Using these notations the self-adjoint dilation K is defined by
where,
With respect to a graph picture the operator H looks like
We define another self-adjoint operator H 0 by setting α b = α a = 0. In this case we get
where T is the momentum operator given by dom(
and K 0 is defined by
. One easily checks that the resolvent difference is a trace class operator. This is due to the fact that both operators H and H 0 are self-adjoint extensions of the symmetric operator H,
which has finite deficiency indices. Hence S = {H, H 0 } is trace class scattering system. In particular, the wave operators W ± (H, H 0 ) exist and are complete. One easily checks that Π(H ac 0 ) = {L 2 (R, dλ, C 2 ), M, F } where M is the multiplication operator induced by the independent variable λ and F denotes the Fourier transform
It is known that the scattering operator S(H,
a v * b (a, λ) which exist and is contractive for λ ∈ R. Setting
λ ∈ R, we find the representation
for λ ∈ R. Let ρ be a steady state for H 0 . Obviously, the steady state is unitarily equivalent to the multiplication M ρ induced by a measurable family {ρ(λ)} λ∈R of non-negative bounded self-adjoint operators acting in C 2 . We use the representation
Notice that ρ(λ) ≥ 0 if and only if the conditions ρ b (λ) ≥ 0, ρ a (λ) ≥ 0 and
is satisfied for a.e. λ ∈ R. Moreover, ρ and (I + H 
are satisfied, respectively. In [14] the current related to the self-adjoint operator H was calculated in accordance with [19] . To this end the generalized incoming eigenfunctions ψ(x, λ, a) and ψ(x, λ, b), x ∈ Ω, γ ∈ {a, b}, λ ∈ R of H were computed and the current j ρ (x, λ) was defined by
for x ∈ Ω, λ ∈ R, where µ b (λ) and µ a (λ) are the eigenvalues of ρ(λ). It turns out that j ρ (x, λ) is independent from x, that is j ρ (λ) := j ρ (x, λ), and admits the representation
cf. Proposition 4.1 of [14] . If tr(ρ(λ)) ∈ L 1 (R, dλ), then the full current j ρ is given by
cf. Proposition 4.1 of [14] . Using (4.28) and (4.30) we find
Let us calculate the current in accordance with Theorem 3.9. To define charges we note that D admits the decomposition
By Q b and Q a we denote the projections form D onto D b and D a , respectively. The operators Q b and Q a commute with H 0 and can be regarded as charges. The charge matrices are given
Applying Theorem 3.9 we find
A straightforward computation shows that
Taking into account (4.30) we obtain
Using (4.29) we immediately get from (4.32) that J S ρ,Qa = j ρ . Comparing with [14] the proof is much shorter. Moreover, from Proposition 4.1 of [14] we get that
By (4.31) the last integral exists.
Landauer-Büttiker formula for a pseudo-relativistic system
We consider the Hilbert space L 2 (R, C 2 ) and the symmetric Dirac operator
where a > 0 and dom(A) :
The deficiency indices n ± (A) are equal two. The operator A is completely non-self-adjoint. The domain of the adjoint operator is given by
Its Weyl function M (z) was calculated in [5] . One has
where the cut of the square root √ · is fixed along the non-negative real axis. We define a self-
The operator H 0 is self-adjoint and absolutely continuous. Its spectrum is given by σ(H 0 ) = σ ac (H 0 ) = R \ (−a, a). It is not hard to see that the H 0 has the form
, respectively. A straightforward computation shows that the operator H − and H + are unitarily equivalent to the operator K − ,
and K + ,
defined in L 2 (R), respectively. The limit M (λ) := lim y→+0 M (λ + iy) exist for every point λ ∈ R \ {−a, a}. One has
and ℑm(M (λ)) = 0 for λ ∈ (−a, a). We set h(λ) := ran(ℑm(M (λ))), λ ∈ R \ {−a, a}. Obviously, we get
We consider the direct integral L 2 (R, dλ, h(λ)). I turns out that there is an isometry Φ acting from H onto L 2 (R, dλ, h(λ)) such that the triplet Π(H 0 ) = {L 2 (R, dλ, h(λ)), M, Φ} is a spectral representation of H 0 .
Another self-adjoint extension H of A is defined by choosing a self-adjoint operator B,
acting on C 2 and setting dom(H) := f ∈ dom(A * ) :
The self-adjoint extension H can be regarded as the Hamiltonian of some point interaction at zero. Since the deficiency indices of A are finite the resolvent difference of H and H 0 is trace class operator.
We consider the trace class scattering system S = {H, H 0 }. Following [2] the scattering matrix {S(λ)} λ∈R admits the representation
Using the representation
we find
We set
which is the cross section between the left-and right-hand scattering channels. Since
Obviously, Q ± commute with H 0 . With respect to the spectral representation the charges Q ± correspond to
If the steady state ρ is chosen as
then the corresponding charge matrices are given by 2 )ρ ± (λ) < ∞. Applying Theorem 3.9 we find that the current J S ρ,Q− (|r|) is given by
A very simple case arises if we set b ± = 0. In this case we have
The magnitude of the current becomes maximal in this case if |r| = 1, that is, if
Since σ(λ) ≤ 2 we find the estimate
Obviously J S ρ,Q− (0) = 0 which is natural. In this case the self-adjoint operator H decomposes into a left and right hand side extension which have nothing to do with each other. However, one also has lim |r|→∞ J S ρ,Q− (|r|) = 0. For electrons one has to choose
where µ ± is the so-called Fermi energy and ρ F D (λ) is the Fermi-Dirac distribution
Obviously, the condition ess-sup R\[−a,a] (1 + λ 2 )ρ ± (λ) < ∞ is not satisfied. However, it turns out that
satisfies ess-sup R\[−a,a] (1 + λ 2 )|ρ − (λ) − ρ + (λ)| < ∞ which shows that the current J S ρ,Q− is well defined.
Appendix: Spectral representations A Spectral representation for unitary operators
Let k be a separable Hilbert space and let µ a Borel measure on the unit circle T. We consider the Hilbert space L 2 (T, dµ, k) and the multiplication operator Z defined by
Let {P (ζ)} ζ∈T be a measurable family of orthogonal projections in k. Setting
where k(ζ) := P (ζ)k in the following and is called a direct integral of Hilbert spaces {k(ζ)} ζ∈T , cf. [4] . We recall if an orthogonal projection on L 2 (T, dµ, k) commutes with Z, then there is a measurable family {P (ζ)} ζ∈T of orthogonal projections such that P is given by (A.1).
For any unitary operator U there is a separable Hilbert space k and a Borel measure µ on T such that U is unitarily equivalent to a part of Z. That means, there is an isometry Ψ :
The operator P = ΨΨ * is an orthogonal projection on L 2 (T, dµ, k) commuting with Z. Hence there is a family of measurable orthogonal projections {P (ζ)} ζ∈T such that P is given by (A.1). Notice that Ψ is an isometry acting from H onto
is unitarily equivalent to U . The triplet Π(U ) = {L 2 (T, dµ(ζ), k(ζ)), M, Ψ} is called a spectral representation of U .
The existence of a spectral representation can be proved as follows. Let µ(·) be a scalar measure defined on B(T) such that the spectral measure E(·) of U ,
is absolutely continuous with respect to µ(·). Such a measure µ always exists. Indeed, let C = C * be a Hilbert-Schmidt operator such that H = H C (U ) := clospan{E(δ)ran(C) : δ ∈ B(T)} where E(·) is the spectral measure of U . We set
Obviously, the spectral measure E(·) is absolutely continuous with respect to µ(·). In fact, both measures are equivalent.
Moreover, the operator-valued measure Σ(δ) := CE(δ)C, δ ∈ B(T), is absolutely continuous with respect to µ(·) and takes values in L 1 (H). Since L 1 (H) has the Radon-Nikodym property Σ(·) admits a Radon-Nikodym derivative Υ(·) of Σ(·) exists with respect to µ(·), belongs to Υ(ζ) ∈ L 1 (H) for a.e. ζ ∈ T and satisfies Υ(ζ) ≥ 0 for a.e. ζ ∈ T with respect to µ. Hence we have
for any Borel set δ ∈ B(T). We set k(ζ) := ran(Υ(ζ)) ⊆ k, ζ ∈ T, which defines a measurable family of subspaces of k := ran(C). That means, the corresponding family of orthogonal projections from k onto k(ζ) is measurable with respect to µ(·).
) and Υ(ζ) be as above. Further, let Ψ be the linear extension of the mapping
Proof. Obviously, we have
Hence Ψ is an isometry action from
we get ΨU = ZΨ.
The integer function
, is called the spectral multiplicity function of U . We note that the family {k(ζ)} ζ∈T and the spectral multiplicity function N U are defined only a.e. with respect to µ. Furthermore, it can happen that k(ζ) = {0} for ζ ∈ T which yields N U (ζ) = 0. We set supp (N U ) := {ζ ∈ T : N U (ζ) > 0} and introduce the measure µ U := χ supp (NU ) µ which is absolutely continuous with respect to µ.
Let U and U be unitary operators and let
, M , Ψ} be spectral representations, respectively. The operators U and U are unitary equivalent if and only if µ U and µ U are equivalent and N U (ζ) = N U (ζ) a.e. with respect to µ U . The unitary operator U is called of constant spectral multiplicity k ∈ N := {1, 2, . . . , ∞} if N U (ζ) = k a.e. with respect to µ U .
B Spectral representation for U ac
In the paper we mainly need a spectral representation of the absolutely continuous part U ac of a unitary operator U . In this case we choose µ = ν where ν is the Haar measure on T. In this case the construction above simplifies as follows:
As above, let C = C * ∈ L 2 (H) be a Hilbert-Schmidt operator on H. Since C ∈ L 2 (H) we define by Σ ac := CE ac 0 (·)C a L 1 -valued measure on T which is absolutely continuous with respect to the Haar measure ν on T. Its Radon-Nikodym derivative is denoted by Y (·).
Let us define a measurable family of subspaces by h(ζ) by setting h(ζ) := clo ran Y (ζ) ⊆ h in h = clo(ran(C)). With this family we associate the direct integral L 2 (T, dν(ζ), h(ζ)).
) and Y (ζ) as above. Further let Φ be the linear extension of the mapping
The proof is similar to that one of Lemma A.1. If the condition
The following Lemma describes the action of the transformation Φ and is also valid for this extension of the spectral representation of Lemma B.1.
Lemma B.2. Let X : T → B(H) be strongly continuous. If the operator spectral integral
exists, then
holds. Furthermore,
Proof. Let J ǫ , ǫ > 0, be a family of partitions of T such that sup
by definition. Since Φ 0 is continuous and ran(L) ⊂ H(C), we have
for a.e. ζ ∈ T. Now let Ξ ǫ (λ) be the unique element in J ǫ for which λ ∈ Ξ ǫ (λ). Since X is continuous, we obtain
The adjoint relation (B.2) follows easily from g,
for all g ∈ H.
C Spectral representation for H ac Let H be a self-adjoint operator on the separable Hilbert space H. We introduce its Cayley transform
Obviously, we have
where dλ is the Lebesgue measure on R, and h ′ (λ) := h(e 2i arctan(λ) ). A straightforward computation shows that the linear map F :
. Let {Q(ζ)} ζ∈T be a measurable operator-valued function which defines a multiplication operator
one easily defines a multiplication operator in M Q ′ in L 2 (R, dλ, h ′ (λ)). It turns out that M Q ′ = F M Q F −1 . In particular, one gets that
, δ ∈ B(T), δ ′ = {λ ∈ R : e 2i arctan(λ) ∈ δ}.
the last relation immediately shows that Π(H ac ) := {L 2 (R, dλ, h ′ (λ)), M, Φ ′ }, Φ ′ := F Φ, defines a spectral representation of the absolutely continuous part H ac of H.
D Scattering matrix for unitary operators
Let H be a separable Hilbert space and let U and U 0 be unitary operators such that
where L 1 (·) denotes the set of trace class operators in H. At first we prove a technical lemma.
Lemma D.1. Let S = {U, U 0 } be L 1 -scattering system. Then there is a bounded self-adjoint Hilbert-Schmidt operator C and a bounded operator G such that the representation
is valid.
Proof. Let V = V R + iV I where where V R := Obviously, we have
Hence there is a contraction Γ R such that C R = Γ R C and C R = CΓ * R . Similarly, there is a contraction Γ I such that C I = Γ I C I and C I = C I Γ * In fact the operator T acts only on H ac (U 0 ). Since the scattering operator S commutes with U 0 the transition operator T also commutes with U 0 . With respect to the spectral representation Π(U ac 0 ) = {L 2 (T, dν(ζ), h(ζ)), M, Φ} the transition operator T takes the form of a multiplication operator M T induced by a measurable family {T (ζ)} ζ∈T of bounded operators. Obviously, we have S(λ) = I h(ζ) − 2πiT (ζ) (D.12) for a.e. ζ ∈ T. The family T (ζ) of bounded operators is called the transition matrix of the scattering system S . We are going to compute the measurable family {T (ζ)} ζ∈T .
Theorem D.2. Let S = {U, U 0 } be a L 1 -scattering system. With respect to the spectral representation Π(U Since w-lim s↑1 Ω * + (s) = Ω * + it seems natural to expect that w-lim s↑1 T (r, s) = T (r) for 0 ≤ r < 1. Indeed, integrating by parts we get 
